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A CORRESPONDENCE PRINCIPLE FOR STEADY-STATE WAVE PROBLEMS * 
Lester W. Schmerr 
Iowa State University 
A correspondence p r i n c i p l e  has  been developed f o r  t r e a t i n g  the  steady- 
state propagation of waves from sources moving along a plane sur face  o r  i n t e r -  
face.  This new p r inc ip l e  allows one t o  obta in ,  i n  a un i f i ed  manner, e x p l i c i t  
so lu t ions  f o r  any source ve loc i ty .  To i l l u s t r a t e  the  correspondence p r inc ip l e  
i n  a p a r t i c u l a r  case, the  problem of a load movcng a t  an a r b i t r a r y  constant 
ve loc i ty  along the  sur face  of an elastic half-space i s  considered. 
YNTRODUCTION 
Cer ta in  problems i n  the  l i n e a r  theory of wave propagation are of fundamen- 
t a l  importance t o  a wide v a r i e t y  of f i e l d s .  One of these  is t h e  response of a 
plane i n t e r f a c e  between two d i f f e r e n t  materials t o  moving t r a n s i e n t  sources of 
disturbance. The r e f l e c t i o n  and r e f r a c t i o n  of plane t r a n s i e n t  waves a t  an in- 
t e r f ace  ( r e f s .  1-3) and the  generation of waves from s p e c i f i e d  sources moving 
a t  a constant ve loc i ty  along an i n t e r f a c e  ( r e f s .  4-7) are two important exam- 
p l e s  of t h i s  type of problem. I n  such cases i t  i s  usua l ly  assumed t h a t  t he  
surrounding media i s  i n  plane motion and t h a t  a steady-state wave p a t t e r n  ex- 
ists relative t o  an observer moving with the  source of disturbance. The re- 
s u l t i n g  two-dimensional steady-state boundary value problem can then be solved 
e i t h e r  by transform techniques o r  by the  use of complex function theory and 
the  method of c h a r a c t e r i s t i c s  ( see  r e f s .  8 and 9).  
I n  many problems, however, both of these t r a d i t i o n a l  methods are very in- 
e f f i c i e n t .  This is because i t  is necessary t o  pose and so lve  sepa ra t e ly  the  
s p e c i a l  cases when the  source ve loc i ty  is less than o r  g r e a t e r  than each of the 
c h a r a c t e r i s t i c  wavespeeds i n  the  surrounding media. This paper demonstrates 
t h a t  i t  is poss ib le  t o  treat a l l  such s p e c i a l  cases i n  a simple, un i f i ed  manner 
through the  app l i ca t ion  of a newly developed correspondence p r inc ip l e .  I n  ad- 
d i t i o n ,  t h i s  correspondence p r inc ip l e  leads  t o  a new and d i r e c t  representa t ion  
f o r  the general  s o l u t i o n  of s teady-s ta te  i n t e r f a c e  problems. 
PROBLEM STATEMENT 
Consider two homogeneaus, i s o t r o p i c  semi- inf in i te  media ( e i t h e r  f l u i d  o r  
s o l i d )  which are i n  contac t  along the  plane 7 = 0 and which conta in  disturbances 
t r i v e l i n g  a t  a constant ve loc i ty  U i n  t he  negative %direc t ion .  W e  assume t h a t  
these disturbances are uniform i n  the  ;-direction and t h a t  a s teady-s ta te  motion 
e x i s t s  i n  the  semi- inf in i te  media. Under these conditions,  the  governing equa- 
t ions  of motion i n  t h e  two media reduce t o  ( r e f .  8): 
*This work w a s  supported by t h e  Engineering Research I n s t i t u t e ,  Iowa 
State University. 
955 
https://ntrs.nasa.gov/search.jsp?R=19770003375 2020-03-20T06:47:19+00:00Z
2 2 2  2 
(1 - u a +m/ax + a2+ m /ay2 0 (m = 1, ... j)  
- - - 
i n  a set of moving coordinates (x,y,z) defined by x = x + U t ,  y = y, z = z. I n  
equation (l), +m = +,(x,y) and % are the  displacement p o t e n t i a l s  and t h e i r  
corresponding wavespeeds, respec t ive ly ,  f o r  t he  two media. 
Along the  sur face  y = 0, the  4, must s a t i s f y  a c e r t a i n  set  of boundary o r  
cont inui ty  conditions which, i n  general ,  can be w r i t t e n  i n  terms of the  second 
order p a r t i a l  de r iva t ives  of t he  +m as 
2 2 2 2  2 
E n ( a  +m/ax Y a +,/axay, a + m /ay ) = Pn(X) (n = 1, ... j )  
where the En a l s o  depend on the  source speed U and the  material proper t ies  of 
the two media and are l i n e a r  functions of t h e i r  arguments. The vec tor  P = 
{Pn(x)} is determined by the  values of t h e  source disturbances along t h e  plane 
y = 0 and is assumed t o  be given. 
Since the  l i n e a r  operators which appear i n  equation (1) are hyperbolic i f  
U > c, and e l l i p t i c  i f  U < h, the  steady-state so lu t ions  of these equations 
w i l l  depend on t h e  r e l a t i v e  s i z e  of U and the  wavespeeds cm Consider f i r s t :  
t h e  " t o t a l l y  supersonic" (TSS) case ( i . e .  where U > % is  s a t i s f i e d  f o r  a l l  m 
i n  equation (1)). 
Tota l ly  Supersonic Case 
In  the  TSS case, the  general  so lu t ions  t o  the  equations of motion (1) can 
be w r i t t e n  as 
where Bm = (U2/ci - 1)1/2 and the  bars  denote "absolute value of". 
( 3 ) ,  so lu t ions  of the  type Fm(x + Bmlyl) have been r e j ec t ed  s ince  they repre- 
s e n t  disturbances t r ave l ing  i n  the  p o s i t i v e  x-direction and, hence, would vio- 
late the " rad ia t ion  conditions" ( r e f .  8). 
I n  equation 
The second order p a r t i a l  de r iva t ives  of t he  0, then become 
a 2 Om/aY2 = Bm 2 Fm " 
I? 
where Fm 
and sgn s tands  f o r  "sign of". 
y i e l d s  a set of l i n e a r  equations i n  the Fm 
convention can be  w r i t t e n  as 
denote the  second de r iva t ives  of Fm with respec t  t o  t h e i r  arguments 
Placing equ t t ion  ( 4 )  i n t o  equation (2) thus 
on y = 0 ,  which using the  summation 
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AnmFm (XI = Pn(x> (n = 1,. . . j) (5) 
Here, the  A is  a real j x j  matrix involving only the  material p rope r t i e s  of the 
given media and the  disturbance speed z. Assuming t h a t  the  matrix is  non- 
s ingular ,  we can then so lve  f o r  t he  Fm , obta in ing  formally 
(6) 
-1 11 
Fm (XI = AmPn(x) 
and these  r e s u l t s  can be continued i n t o  the  two media, using equation (3 ) ,  t o  
give : 
The stresses i n  each media can be  ob ta ine i  d i r e c t l y  from equation (7)  s ince  
they are simply l i n e a r  func t ions  of t he  $m . 
however, must be found from these r e s u l t s  by a s i n g l e  in t eg ra t ion .  This TSS 
case i s  of fundamental importance f o r  s teady-s ta te  i n t e r f a c e  problems of the  
type w e  have been d iscuss ing  because i t  contains i m p l i c i t l y ,  through equation 
( 6 ) ,  the  so lu t ion  f o r  a l l  o the r  cases when t h i s  equation i s  i n t e r p r e t e d  i n  an 
opera t iona l  sense. 
The displacements o r  v e l o c i t i e s ,  
To prove t h i s  w e  now consider the  general  case. 
General Case 
Consider the  general  case when U/cm < 1 f o r  m = 1, ... k, where k < j .  
Then the governing equations (1) are hyperbolic f o r  m > k and e l l i p t i c f o r  
m - < k, and t h e i r  general  so lu t ions  are 
- 
where Bm = ( 1  - U~/C;)'/~, R e  denotes "real p a r t  of", and the  G, f o r  m 
a n a l y t i c  functions of t he  complex va r i ab le s  x + igmlyl .  
order p a r t i a l  de r iva t ives  of the  $ J ~  are again given by equation ( 4 ) .  
we now obta in  in s t ead  
k are 
For m > k, t h e s e c o n d  
For m - < k, 
I 1  
a24m/ax2 = R e i G  m I 
11 a2$ /ay2 = - -2 Bm Re{G 
m m I 
where Im denotes "imaginary par& of". 
and imaginary p a r t s  of these  Gm 
However, on the  boundary y = 0 t h e  real 
s a t i s f y  a p a i r  of H i l b e r t  transforms 
11 I 1  
Re{Gm 1 = HIIm(Gm 11 
ImIG, 1 = - H[Re{Gm 11 1: 11 
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where the  Hi lbe r t  transform is  
W 
HEfI  = I/R .f fdE/(< - X) 
-00 
and the  i n t e g r a l  is understood t o  be taken i n  t h e  p r i n c i p a l  
the  p a r t i a l  de r iva t ives  on y = 0 can be wri t ten i n  terms of 
I 1  
a2+m/ax2 = Re{Gm 1 
11 - 
a 2 Om/ay2 = - Bm2 3 I 
Note now t h a t  on the  boundary y = 0, equations (4) and (10) 
valuel1sense. Hence, 
Re{Gm 1 only as 
w i l l  be i d e n t i c a l  
i f  we make the  following replacements i n  the  TSS expressions (4) f o r  m k. 
fim+ -Gm 
11 
and i d e n t i f y  the  Fm i n  the  
the  add i t iona l  replacements 
1 1  11 
Fm + RecGm 1 
I 1  I1 
i F  + H[Re{Gm 11 
m 
Thus, on the  boundary y = 0 
I I  
TSS case with the  Gm 
f o r  m - < k given by: 
i n  the  general  case through 
J 
t h e r e  is a one-to-one correspondence between the  
complex-valued TSS problem obtained by making the  s u b s t i t u t i o n s  given by equa- 
t i o n  (11) and the  general  case problem i f ,  as equation (12) shows, t he  appear- 
ance of the  imaginary number i i n  the TSS problem is in t e rp re t ed  as represent- 
ing  the  Hi lbe r t  transform operator i n  the  general  case. This correspondence 
a l s o  means t h a t  the  complex-valued matrices 4 and 4-1, which r e s u l t  i n  equations 
(5) and (6) from the  s u b s t i t u t i o n s  given by equation ( l l ) ,  must be in t e rp re t ed  
as represent ing  matrix opera tors  i n  t h e  general  case. I n  p a r t i c u l a r ,  breaking 
4-l i n t o  i ts  real and imaginary p a r t s ,  w e  have 
where amn and bmn are both real. 
we see t h a t  on y = 0 the  general  case so lu t ion  is given by 
Using t h i s  r e s u l t  and equations (6) and (12),  
Since the general  so lu t ions  f o r  m > k arel,constant along the real cha rac t e r i s -  
t ics  x - B m l Y l  (see equation ( 8 ) ) ,  the Fm 
adjacent media and the  general  case so lu t ion  w r i t t e n  as 
can be continued d i r e c t l y  i n t o  the  
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For m 
which are a n a l y t i c  i n  the  upper h a l f  of t he  complex-plane and whose real p a r t  is 
given on the  real a x i s  by equation (14). This is a standard problem i n  a n a l y t i c  
function theory whose so lu t ion  may be  w r i t t e n  as 
k, however, our problem c o n s i s t s  of f ind ing  the  functions Gm (x + iEmlyI) 
OD 
11 
m < k  G = l / i n  I A-lP mn n (<)d</ (<  - zm) - 
-m m 
provided t h e  i n t e g r a l  converges, where z 
can be obtained d i r e c t l y  from equations Tl5) and (16) although a f u r t h e r  i n t e -  
gra t ion  is necessary f o r  displacements and v e l o c i t i e s .  
= x + iEmlyl.  A s  before,  t he  stresses 
With the  genera l  so lu t ions  given by equations (15) and (16), i t  is now 
p a r t i c u l a r l y  easy t o  ob ta in  t h e  so lu t ion  t o  s teady-s ta te  i n t e r f a c e  problems f o r  
a r b i t r a r y  source ve loc i ty .  
the  TSS case so lu t ion .  In  t h e  general  case t h i s  matrix becomes complex-valued 
when the  s u b s t i t u t i o n  i n  equation (11) is toade. A simple a lgebra ic  decomposition 
of 4-1 i n t o  i t s  real and imaginary p a r t s  f o r  each s p e c i a l  case then gives the  
necessary matrices f o r  the  expressions i n  equations (15) and (16). To i l l u s t r a t e  
the  use of t h i s  method w e  now consider a p a r t i c u l a r  problem. 
A l l  t h a t  is needed is the  inverse  matrix 4-1 from 
MOVING LOAD ON A HALF-SPACE 
A number of authors ( r e f s .  4-7) have previously considered the  respmse of 
an elastic half-space t o  loads t r ave l ing  a t  a constant ve loc i ty  on the  plane 
sur face .  H e r e ,  w e  w i l l  so lve  f o r  t he  waves generated i n  the half-space 
-a < x <a, -OD < z < 00 by a moving d i s t r i b u t e d  load of i n t e n s i t y  P(x) i n  the  mov- 
i n g  coordinates x = f + U t ,  y = 7, z = z ( f igu re  1). 
t and shearing stress, t on the  sur face  are given by 
0, - 
- 
Then the  normal stress , 
YY' XY' 
t 
t 
YY 
XY 
where 0 is  the  
space sur face .  
1 = -P(x)sine = p(x)cose 
angle between 
I n  t h i s  case 
the  d i r e c t i o n  of the  appl ied  load and the  ha l f -  
there  are only two displacement p o t e n t i a l s  and 
$2, which correspond t o  d i l a t a t i o n a l  and shear wave disturbances , respectzvely , 
and two corresponding wavespeeds c 1  and c2. Application of t he  boundary condi- 
t i ons  (17) y i e l d s  the  matrix A and vec tor  P given by ( r e f .  8): 
v - [ (M; - 2) 2-2B2] 
= [ -2B1 -(Mz 2) pcose /p A =  (18) 
-1 where 1-1 is  the  shear  modulus and M2 = U/c2 .  
given by 
Then the  inverse  matrix A is - 
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1-2B1/D -(Mi - 2) /D] 
where D = (Mi - 2)2 + 4B1B2. 
i n t o  i t s  real  and imaginary p a r t s .  
D2 = (M3 - 2)2 - 48x82. 
and (16), the  problem is  then formally complete. To i l l u s t r a t e  t he  use of these  
expressions f o r  a p a r t i c u l a r  loading, consider t he  case of a moving concentrated 
l i n e  load, i.e. P(x) = P6(x) where P is  a constant and b(x) is t h e  Dirac d e l t a  
function. Then we obtain: 
Table 1 shows the  breakdown of t h i s  inverse  mat r ix  
I n  t h a t  t a b l e  D 1  = (M5 - 2 ) 4  + l6g1B2 and 
When those r e s u l t s  are placed back i n t o  equations (15) 
Tota l ly  Supersonic Case (U > c > c2) 1 
I 1  
Transonic Case (c < U < cl) 2 
11 - 
1 G1 - (allsin@ - a cose)P/inyZ + (b s ine  - b cose)P/nyZ 1 2  1 11 1 2  
I 1  
0, = (-a21 s ine + a22cose)P6(x - ~ ~ y ) / p  
+ (b21sinB - b22cos8)P/ny(x - B2y) 
Subsonic Case (U < c2) 
11 
G1 - (allsine - ib12cos0)P/isuZ1 
11 
2 G2 = (-a22cosf3 + i b  sine)P/i?ryZ 2 1  
S i m i l a r  r e s u l t s  t o  these  have been derived by the  t r a d i t i o n a l  complex va r i ab le  
and c h a r a c t e r i s t i c s  approach i n  the  treatise by Eringen and Suhubi ( r e f .  9) .  
CONCLUDING REMARKS 
The correspondence p r inc ip l e  developed above has l e d  t o  a new un i f i ed  form 
of the  so lu t ion  f o r  steady-state i n t e r f a c e  problems (equations 15 and 16) which 
can be e f f i c i e n t l y  used t o  treat a number of problems. I n  addi t ion ,  t h i s  prin- 
c i p l e  c l e a r l y  demonstrates t he  c lose  r e l a t ionsh ip  t h a t  exists between the  s t ruc-  
t u r e  of the general  so lu t ion  and the  TSS case. This r e l a t ionsh ip  is  cu r ren t ly  
being extended t o  s teady-s ta te  problems i n  an i so t rop ic  media. 
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TABLE I. - REAL AND IMAGINARY PARTS OF 4-l 
CASES 
u > c1 
c 2 < u < c  1 
u < c2 
MATRIX a 
2 4  D = (M2 - 2) + 16ElB2 1 
D2 = (M 2 - 2)’ - 4B1B2 
2 
MATRIX 
b = O  
0 2E2/D2 
if 
Figure 1.- Moving load  on a half-space.  
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